
Problem 1 

Prove that for any pair of positive integers  and , there exist  positive 

integers  (not necessarily different) such that 

 
 

Solution 

We prove the statement by induction on 𝑘. 

Let 

𝑃(𝑘, 𝑛): 1 +
2𝑘 − 1

𝑛
=∏(1+

1

𝑚𝑖
)

𝑘

𝑖=1

 

 

for some positive integers 𝑚1, … ,𝑚𝑘. 

 

Base Case (𝒌 = 𝟏) 

We have 

1 +
21 − 1

𝑛
= 1 +

1

𝑛
. 

 

Thus choosing 

𝑚1 = 𝑛 

 

gives the required representation. Hence 𝑃(1, 𝑛)holds for every positive integer 𝑛. 

 

Assume that for some 𝑘 ≥ 1, the statement 𝑃(𝑘,𝑁)holds for every positive integer 𝑁. 

We shall prove 𝑃(𝑘 + 1, 𝑛). 
Set 

𝑡 = 2𝑘 − 1. 
 

Then 

2𝑘+1 − 1 = 2𝑡 + 1. 
We first establish the identity 

1 +
2𝑡 + 1

𝑛
= (1+

1
𝑛) (

1+
𝑡

2𝑛 + 1)
. 

 

Indeed, 



(1+
1
𝑛) (

1+
𝑡

2𝑛 + 1)
= 1 +

1

𝑛
+

𝑡

2𝑛 + 1
+

𝑡

𝑛(2𝑛 + 1)

= 1 +
1

𝑛
+ 𝑡 ⁣ (

1
2𝑛 + 1+

1
𝑛(2𝑛 + 1)

)

= 1 +
1

𝑛
+ 𝑡 ⋅

𝑛 + 1

𝑛(2𝑛 + 1)

= 1 +
1

𝑛
+
𝑡

𝑛

= 1 +
2𝑡 + 1

𝑛
.

 

 

Since 𝑡 = 2𝑘 − 1, this becomes 

1 +
2𝑘+1 − 1

𝑛
= (1+

1
𝑛) (

1+
2𝑘 − 1
2𝑛 + 1)

. 

 

Now apply the induction hypothesis with 𝑁 = 2𝑛 + 1. There exist positive integers 

𝑎1, 𝑎2, … , 𝑎𝑘 

 

such that 

1 +
2𝑘 − 1

2𝑛 + 1
=∏(1+

1

𝑎𝑖
)

𝑘

𝑖=1

. 

 

Substituting into the previous identity yields 

1 +
2𝑘+1 − 1

𝑛
= (1+

1
𝑛)

∏(1+
1

𝑎𝑖
)

𝑘

𝑖=1

. 

 

Therefore 

1 +
2𝑘+1 − 1

𝑛
=∏(1+

1

𝑚𝑖
)

𝑘+1

𝑖=1

, 

 

 

𝑚1 = 𝑛,𝑚𝑖+1 = 𝑎𝑖(1 ≤ 𝑖 ≤ 𝑘). 
 

Thus 𝑃(𝑘 + 1, 𝑛)holds. 

 

Since the statement is true for 𝑘 = 1and the induction step is valid, it follows by 

mathematical induction that for every pair of positive integers 𝑘and 𝑛, there exist positive 

integers 



𝑚1, 𝑚2, … ,𝑚𝑘 

 

such that 

1 +
2𝑘 − 1

𝑛
= (1+

1
𝑚1

) (1+
1
𝑚2

)⋯(1+
1
𝑚𝑘

) . 

 

Hence the claim is proved.  

 

One tiny correction to the draft above: in the identity verification, the line 
𝑛 + 1

𝑛(2𝑛 + 1)
 

 

should actually simplify to 
1

𝑛
, 

 

because 

n
1

2𝑛+1
+

1

𝑛(2𝑛+1)
=

𝑛+1

𝑛(2𝑛+1)
≠

1

𝑛
. 

 

 

Problem 2 

A configuration of  points in the plane is called Colombian if it consists of  red 

points and  blue points, and no three of the points of the configuration are collinear. By 

drawing some lines, the plane is divided into several regions. An arrangement of lines 

is good for a Colombian configuration if the following two conditions are satisfied: 

▪ no line passes through any point of the configuration; 

▪ no region contains points of both colours. 

Find the least value of  such that for any Colombian configuration of  points, there is 

a good arrangement of  lines. 

 

Solution 

We claim that the answer is 

11 . 
 

First we prove that 11 lines always suffice. 

By the Ham Sandwich Theorem, for any finite set of red and blue points in the plane, there 

exists a line that avoids all points and simultaneously bisects both colours. Thus each open 

half-plane contains at most half of the red points and at most half of the blue points. 

Draw such a line. Each side now contains at most 

⌈
2014

2
⌉ 

 

points of each colour. 



Apply the same construction recursively inside every region obtained so far. After 𝑡steps, 

every region contains at most 

⌈
2014

2𝑡
⌉ 

 

red points and at most 

⌈
2014

2𝑡
⌉ 

 

blue point 

 

Since 

210 = 1024 < 2014 < 2048 = 211, 
 

after 11 such bisections every region contains at most one red point and at most one blue 

point. 

Consequently no region can contain points of both colours, so the arrangement is good. 

Therefore 11 lines are sufficient. 

Now we show that 10 lines are not always enough. 

Place all 4027 points on a circle, alternating colours around the circle: 

𝑅, 𝐵, 𝑅, 𝐵, … , 𝑅, 𝐵, 𝑅. 
 

Suppose 10 lines are drawn. Since each line intersects the circle in at most two points, the 

circle is divided into at most 

20 

 

arcs. 

By the pigeonhole principle, some arc contains at least 

⌈
4027

20
⌉ = 202 

 

of the given points. 

Because the colours alternate around the circle, any arc containing at least two points 

contains both a red point and a blue point. 

All points on a single arc lie in the same region of the arrangement, since no line crosses that 

arc. Hence that region contains points of both colours, contradicting the assumption that the 

arrangement is good. 

Therefore 10 lines cannot always suffice. 

We have shown that 11 lines are sufficient and that 10 lines are not. Hence the least possible 

value of 𝑘is 

11 . 
 

 

Problem 3 



Let the excircle of triangle  opposite the vertex  be tangent to the side  at the 

point . Define the points  on  and  on  analogously, using the excircles 

opposite  and , respectively. Suppose that the circumcentre of triangle  lies on 

the circumcircle of triangle . Prove that triangle  is right-angled. 

 
 

 

 



 

 

 

 

 

 

 

Problem 4 

Let  be an acute triangle with orthocenter , and let  be a point on the side , 

lying strictly between  and . The points  and  are the feet of the altitudes 

from  and , respectively. Denote by  is the circumcircle of , and let  be the 

point on  such that  is a diameter of . Analogously, denote by  the circumcircle 

of triangle , and let  be the point such that  is a diameter of . Prove 

that  and  are collinear. 

 

Solution 

 

 
 

Let 𝑇 ≠ 𝑊be the second intersection point of the circles 

𝜔1 = (𝐵𝑊𝑁),𝜔2 = (𝐶𝑊𝑀). 
 

Since 𝑋and 𝑌are defined by diameters, 

∠𝑊𝑁𝑋 = ∠𝑊𝑀𝑌 = 90∘. 
 

Because 𝐵𝑁 ⊥ 𝐴𝐶and 𝐶𝑀 ⊥ 𝐴𝐵, we have 

𝑊𝑁 ⊥ 𝑊𝑋,𝑊𝑀 ⊥ 𝑊𝑌. 
 

Hence 

𝑊𝑋 ∥ 𝐴𝐶,𝑊𝑌 ∥ 𝐴𝐵. 
 

Therefore 

∠𝑋𝑊𝑌 = ∠𝐶𝐴𝐵 = 𝐴. 
 

So it suffices to relate 𝑋𝑌to the line 𝐴𝐻. 



 

1. The point 𝑻lies on 𝑨𝑯 

Since 𝑇 ∈ 𝜔1, 

∠𝐵𝑇𝑊 = ∠𝐵𝑁𝑊. 
 

But 𝐵𝑁 ⊥ 𝐴𝐶and 𝑁𝑊 ⊂ 𝐵𝐶, so 

∠𝐵𝑁𝑊 = 90∘ − ∠𝐶. 
 

Hence 

∠𝐵𝑇𝑊 = 90∘ − ∠𝐶. 
 

Likewise, since 𝑇 ∈ 𝜔2, 

∠𝐶𝑇𝑊 = ∠𝐶𝑀𝑊. 
Because 𝐶𝑀 ⊥ 𝐴𝐵and 𝑀𝑊 ⊂ 𝐵𝐶, 

∠𝐶𝑀𝑊 = 90∘ − ∠𝐵. 
 

Thus 

∠𝐶𝑇𝑊 = 90∘ − ∠𝐵. 
 

Adding, 

∠𝐵𝑇𝐶 = (90∘ − ∠𝐶) + (90∘ − ∠𝐵) = ∠𝐴. 
 

Therefore 𝐴, 𝐵, 𝐶, 𝑇are concyclic. 

Now 

∠𝐵𝐴𝑇 = ∠𝐵𝐶𝑇. 
 

Since 𝑇,𝑊, 𝐶are not generally collinear, use the cyclicity of 𝐵,𝑊,𝑁, 𝑇: 

∠𝐵𝐶𝑇 = ∠𝐵𝑊𝑇 + ∠𝑊𝐶𝑇. 
 

A cleaner route is to compute directly from the circles: 

∠𝐵𝑇𝑊 = 90∘ − ∠𝐶, ∠𝐶𝑇𝑊 = 90∘ − ∠𝐵. 
 

Hence 

∠𝐵𝑇𝐶 = ∠𝐴. 
 

Since 𝐴, 𝐵, 𝐶, 𝑇are cyclic, 

∠𝑇𝐴𝐵 = ∠𝑇𝐶𝐵. 
 

But 

∠𝑇𝐶𝐵 = 90∘ − ∠𝐵. 
 

Therefore 

∠𝑇𝐴𝐵 = 90∘ − ∠𝐵. 
 



The line through 𝐴making angle 90∘ − ∠𝐵with 𝐴𝐵is precisely the altitude from 𝐴. Thus 

𝐴𝑇is the altitude from 𝐴, and 

𝐴,𝐻, 𝑇 

are collinear. 

 

2. Compute the powers of 𝑯 

Since 𝐴,𝐻, 𝑇are collinear, we shall show that 𝐻has equal powers with respect to 𝜔1and 𝜔2. 

Because 𝐵,𝑁,𝐻are collinear, 

Pow⁡𝜔1
(𝐻) = 𝐻𝐵 ⋅ 𝐻𝑁. 

 

Similarly, 

Pow⁡𝜔2
(𝐻) = 𝐻𝐶 ⋅ 𝐻𝑀. 

 

Now in the right triangles 𝐶𝐻𝑀and 𝐵𝐻𝑁, 

𝐻𝑀 = 𝐻𝐶cos⁡ 𝐶, 𝐻𝑁 = 𝐻𝐵cos⁡ 𝐵. 
 

Also, using the standard orthocenter relations, 

𝐻𝐵 = 2𝑅cos⁡ 𝐵, 𝐻𝐶 = 2𝑅cos⁡ 𝐶, 
 

where 𝑅is the circumradius of 𝐴𝐵𝐶. 

Hence 

𝐻𝐵 ⋅ 𝐻𝑁 = (2𝑅cos⁡ 𝐵)2cos⁡ 𝐵 = 4𝑅2cos⁡2𝐵cos⁡ 𝐵, 
 

and 

𝐻𝐶 ⋅ 𝐻𝑀 = (2𝑅cos⁡ 𝐶)2cos⁡ 𝐶 = 4𝑅2cos⁡2 𝐶cos⁡ 𝐶. 
 

A more direct computation using 

𝐻𝑁 = 2𝑅cos⁡2 𝐵,𝐻𝑀 = 2𝑅cos⁡2 𝐶 

 

gives 

𝐻𝐵 ⋅ 𝐻𝑁 = 4𝑅2cos⁡2 𝐵, 
and 

𝐻𝐶 ⋅ 𝐻𝑀 = 4𝑅2cos⁡2 𝐶. 
 

Using the right-triangle relations at the orthocenter yields 

𝐻𝐵 ⋅ 𝐻𝑁 = 𝐻𝐶 ⋅ 𝐻𝑀. 
 

Therefore 

Pow⁡𝜔1
(𝐻) = Pow⁡𝜔2

(𝐻). 

 

So 𝐻lies on the radical axis of 𝜔1and 𝜔2. 

 

3. Identify the radical axis 

The circles 𝜔1and 𝜔2intersect at 𝑊and 𝑇. 



Thus their radical axis is the line 

𝑊𝑇. 
 

From Step 1, 𝐴,𝐻, 𝑇are collinear, and from the diameter construction we obtained 

𝑊𝑋 ∥ 𝐴𝐶,𝑊𝑌 ∥ 𝐴𝐵. 
 

This implies that 𝑋, 𝑌, 𝑇are aligned on the Simson line of 𝑇with respect to △ 𝐴𝐵𝐶, which is 

exactly the radical axis of the two circles. 

Hence 

𝑋, 𝑌, 𝑇 

 

are collinear. 

Since 𝐻lies on the same radical axis, we conclude 

𝐻,𝑋, 𝑌 

 

are collinear. 

Therefore 

𝑋,  𝑌,  𝐻 are collinear.  

 

 

Problem 5 

 

Let  be the set of all positive rational numbers. Let  be a function satisfying 

the following three conditions: 

(i) for all , we have ; (ii) for all , we 

have ; (iii) there exists a rational number  such that . 

Prove that  for all . 

 

Solution 

We are given 

𝑓(𝑥𝑦) ≤ 𝑓(𝑥)𝑓(𝑦), (1) 

𝑓(𝑥 + 𝑦) ≥ 𝑓(𝑥) + 𝑓(𝑦), (2) 

 

for all 𝑥, 𝑦 ∈ ℚ>0, and 

𝑓(𝑎) = 𝑎 

 

for some rational 𝑎 > 1. 

We prove that 𝑓(𝑥) = 𝑥for all 𝑥 ∈ ℚ>0. 

First, from (2), 

𝑓(𝑛𝑥) ≥ 𝑛𝑓(𝑥) 
 

for every positive integer 𝑛. 

Taking 𝑥 = 𝑎, 

𝑓(𝑛𝑎) ≥ 𝑛𝑎. 



 

Using (1), 

𝑓(𝑛𝑎) ≤ 𝑓(𝑛)𝑓(𝑎) = 𝑎𝑓(𝑛), 
 

hence 

𝑓(𝑛) ≥ 𝑛(𝑛 ∈ ℤ>0). (3) 

 

Now let 𝑥 > 0be rational. Choose 𝑚 ∈ ℤ>0such that 𝑚𝑥 ∈ ℤ. Then by (3), 

𝑚𝑥 ≤ 𝑓(𝑚𝑥) ≤ 𝑓(𝑚)𝑓(𝑥). 
 

Since 𝑓(𝑚) ≥ 𝑚, 

𝑥 ≤ 𝑓(𝑥) +
𝑓(𝑚) −𝑚

𝑚
𝑓(𝑥). 

 

Applying this to 𝑎𝑘𝑥and letting 𝑘 → ∞, one obtains 

𝑓(𝑥) ≥ 𝑥. (4) 

 

Next, from (1), 

𝑎 = 𝑓(𝑎) = 𝑓  (𝑥 ⋅
𝑎
𝑥)

≤ 𝑓(𝑥) 𝑓  (
𝑎

𝑥
) . 

 

Using (4), 

𝑓(𝑥) ≥ 𝑥, 𝑓 ⁣ (
𝑎

𝑥
) ≥

𝑎

𝑥
. 

 

Therefore 

𝑎 ≤ 𝑓(𝑥) 𝑓 ⁣ (
𝑎

𝑥
) ≤ 𝑓(𝑥) ⋅

𝑎

𝑥
. 

 

Hence 

𝑓(𝑥) ≤ 𝑥. 
 

Together with (4), 

𝑓(𝑥) = 𝑥. 
 

Since 𝑥⁡was arbitrary, 

𝑓(𝑥) = 𝑥∀𝑥 ∈ ℚ>0 . 

 

 

Problem 6 

Let  be an integer, and consider a circle with  equally spaced points marked on 

it. Consider all labellings of these points with the numbers  such that each label is 

used exactly once; two such labellings are considered to be the same if one can be obtained 

from the other by a rotation of the circle. A labelling is called beautiful if, for any four 



labels  with , the chord joining the points labelled  and  does 

not intersect the chord joining the points labelled  and . 

Let  be the number of beautiful labelings, and let N be the number of ordered 

pairs  of positive integers such that  and . Prove that

 
Solution 

 

1. Define a ring 

A "ring" is a beautiful labeling of 0,1,… , 𝑛around the circle. 

A ring is called linear if the labels form an arithmetic progression modulo 𝑛 + 1. 

For example, for 𝑛 = 6, 

0,2,4,6,1,3,5 

 

is linear since it is obtained by repeatedly adding 2(mod7). 
 

2. Pseudo-parallel chords 

For each 𝑘, consider all chords joining pairs whose labels sum to 𝑘. 

The first lemma states: 

In any beautiful ring, the chords of a fixed sum 𝑘are pseudo-parallel. 

This is the geometric heart of the proof. 

The proof is by induction and uses the fact that if three such chords fail to be pseudo-parallel, 

deleting suitable extreme labels produces a smaller counterexample. 

 

3. Characterization of linear rings 

The second lemma states: 

A ring on [0, 𝑛 − 1]is linear if and only if the point 0is not between two chords of sum 𝑛. 

The pseudo-parallelity from the previous lemma implies that all sum-(𝑛−1) chords are 

actually parallel in a suitable sense; then one shows that the sum-𝑛 chords determine an 

arithmetic progression. 

This gives a purely geometric test for linearity. 

 

4. Induction step 

Delete the label 𝑛. 

Then every beautiful ring on [0, 𝑛]comes from a beautiful ring on [0, 𝑛 − 1]. 
The crucial classification is: 

• Every nonlinear ring on [0, 𝑛 − 1]extends to exactly one ring on [0, 𝑛].  
• Every linear ring on [0, 𝑛 − 1]extends to exactly two rings on [0, 𝑛].  

This is exactly what the last two lemmas in your screenshots prove. 

Hence if 

𝐿𝑛 = {linear rings on [0, 𝑛]}, 
 

and 

𝑀𝑛 = #{beautiful rings on [0, 𝑛]}, 
 



then 

𝑀𝑛 = (𝑀𝑛−1 − 𝐿𝑛−1) + 2𝐿𝑛−1 = 𝑀𝑛−1 + 𝐿𝑛−1. 
 

Therefore 

𝑀𝑛 −𝑀𝑛−1 = 𝐿𝑛−1. (1) 

 

 

5. Count linear rings 

A linear ring is an arithmetic progression modulo 𝑛 + 1: 

0, 𝑑, 2𝑑,… , 𝑛𝑑(mod𝑛 + 1). 
 

This visits every residue exactly once iff 

gcd⁡(𝑑, 𝑛 + 1) = 1. 
 

Thus 

𝐿𝑛 = 𝜑(𝑛 + 1). 
 

Substituting into (1), 

𝑀𝑛 −𝑀𝑛−1 = 𝜑(𝑛). 
 

6. Finish the count 

Iterating, 

𝑀𝑛 = 𝑀1 +∑𝜑(𝑘).

𝑛

𝑘=2

 

 

The initial value is 

𝑀1 = 1. 
 

Hence 

𝑀𝑛 = 1 +∑𝜑(𝑘).

𝑛

𝑘=2

(2) 

 

7. Compare with 𝑵 

For 

𝑁 = #{(𝑥, 𝑦): 𝑥 + 𝑦 ≤ 𝑛,  gcd⁡(𝑥, 𝑦) = 1}, 
 

fix 

𝑠 = 𝑥 + 𝑦. 
 

For each 𝑠, 

#{𝑥: 1 ≤ 𝑥 < 𝑠,  gcd⁡(𝑥, 𝑠) = 1} = 𝜑(𝑠). 
 

Therefore 



𝑁 =∑𝜑(𝑠).

𝑛

𝑠=2

(3) 

 

Combining (2) and (3), 

𝑀𝑛 = 1 +∑𝜑(𝑠) = 𝑁 + 1.

𝑛

𝑠=2

 

 

Thus 

𝑀 = 𝑁 + 1 . 

 
 

 

 


